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Abstract
In the present paper we establish new inequalities similar to the extensions of
Hilbert’s double-series inequality and also give their integral analogues. Our results
provide some new estimates to these types of inequalities.
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1 Introduction
In recent years several authors have given considerable attention toHilbert’s double-series
inequality together with its integral version, inverse version, and various generalizations
(see [–]). In this paper, we establish multivariable sum inequalities for the extensions
of Hilbert’s inequality and also obtain their integral forms. Our results provide some new
estimates to these types of inequalities.
The well-known classical extension of Hilbert’s double-series theorem can be stated as
follows [, p.].
Theorem A If p,p >  are real numbers such that p +





















where K = K(p,p) depends on p and p only.
In , Pachpatte [] established a new inequality similar to inequality (.) as follows:























The integral analogue of inequality (.) is as follows [, p.].
© 2012 Zhao and Cheung; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.
Zhao and Cheung Journal of Inequalities and Applications 2012, 2012:145 Page 2 of 7
http://www.journaloﬁnequalitiesandapplications.com/content/2012/1/145















where K = K(p,q) depends on p and q only.
In [], Pachpatte also established a similar version of inequality (.) as follows.

















In the present paper we establish some new inequalities similar to Theorems A, A′, B
and B′. Our results provide some new estimates to these types of inequalities.
2 Statement of results
Our main results are given in the following theorems.
Theorem . Let pi >  be constants and pi +

qi = . Let ai(si, . . . , sni) be real-valued
functions deﬁned for sji = , , . . . ,mji, where mji (i, j = , , . . . ,n) are natural numbers.
For convenience, we write ai(, . . . , ) =  and ai(, si, . . . , sni) = ai(si, , si, . . . , sni) =
· · · = ai(si, . . . , sn–,i, ) = . Deﬁne the operators ∇i by ∇iai(si, . . . , sni) = ai(si, . . . , sni) –


















i= |ai(si, . . . , sni)|
(
∑n













(mji – sji + )














(mi · · ·mni)/qi .
Remark . Let ai(si, . . . , sni) change to ai(si) in Theorem . and in view of ai() =  and
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Remark . Taking for n =  in Remark .. If p,p >  satisfy p +

p ≥  and  < λ =































which is an interesting variation of inequality (.).






q =  and so p = q, p = q. In this case
























This is just a similar version of inequality (.) in Theorem A′.
Theorem . Let pi >  be constants and pi +

qi = . Let fi(τi, . . . , τni) be real-valued nth
diﬀerentiable functions deﬁned on [,xi)×· · ·× [,xni), where ≤ xji ≤ tji, tji ∈ (,∞) and
i, j = , , . . . ,n. Suppose































∂τi···∂τni fi(τi, . . . , τni)|pi dτi · · · dτni)/pi
(
∑n
i=(xi · · ·xni)/qi)
∑n
i= /qi













∣∣∣∣ ∂n∂xi · · · ∂xni fi(xi, . . . ,xni)
∣∣∣∣
pi
dxi · · · dxni
)/pi
,
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where












(ti · · · tni)/qi .
Remark . Let fi(xi, . . . ,xni) change to fi(si) in Theorem . and in view of fi() = , i =






































Remark . Taking for n =  in Remark ., if p,p >  are such that p +

p ≥  and
































which is an interesting variation of inequality (.).






q =  and so p = q, p = q. In this case
























This is just a similar version of inequality (.) in Theorem B′.
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3 Proofs of results
Proof of Theorem . From the hypotheses ai(, . . . , ) = ai(, si, . . . , sni) = ai(si, , si, . . . ,
sni) = · · · = ai(si, . . . , sn–,i, ) = , we have





∣∣∇n · · ·∇ai(τi, . . . , τni)∣∣. (.)
From the hypotheses of Theorem . and in view of Hölder’s inequality (see []) and
inequality for mean [], we obtain
n∏
i=









































Dividing both sides of (.) by (
∑n
i=(si · · · sni)/qi)
∑n
i= /qi and then taking sums over sji



















i= |∇n · · ·∇ai(si, . . . , sni)|
(
∑n




























































(mji – τji + )












(mji – sji + )
∣∣∇n · · ·∇ai(si, . . . , sni)∣∣pi
)/pi
.
This concludes the proof. 
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Proof of Theorem . From the hypotheses of Theorem ., we have






∣∣∣∣ ∂n∂τi · · · ∂τni fi(τi, . . . , τni)
∣∣∣∣dτi · · · dτni. (.)
On the other hand, by using Hölder’s integral inequality (see []) and the following
























∣∣∣∣ ∂n∂τi · · · ∂τni fi(τi, . . . , τni)











∣∣∣∣ ∂n∂τi · · · ∂τni fi(τi, . . . , τni)
∣∣∣∣
pi




















∣∣∣∣ ∂n∂τi · · · ∂τni fi(τi, . . . , τni)
∣∣∣∣
pi




Dividing both sides of (.) by (
∑n
i=(xi · · ·xni)/qi)
∑n
i= /qi and then integrating the result
inequality over xji from  to tji (i, j = , , . . . ,n), respectively and then using again Hölder’s



















 · · ·
∫ xni

∣∣∣∣ ∂n∂τi···∂τni fi(τi, . . . , τni)
∣∣∣∣
pi
dτi · · · dτni)/pi
(
∑n
i=(xi · · ·xni)/qi)
∑n
i= /qi





















∣∣∣∣ ∂n∂τi · · · ∂τni fi(τi, . . . , τni)
∣∣∣∣
pi
dτi · · · dτni
)/pi
dxi · · · dxni






















∣∣∣∣ ∂n∂τi · · · ∂τni fi(τi, . . . , τni)
∣∣∣∣
pi
dτi · · · dτni
)













∣∣∣∣ ∂n∂xi · · · ∂xni fi(xi, . . . ,xni)
∣∣∣∣
pi
dxi · · · dxni
)/pi
.
This concludes the proof. 
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